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^ ' The equations of motion of a rigid body around a fixed point 

5 ! i> = v uo, ACo + uj Auj = e x z/ (1) 

CN . 

Ph ', (in which A is the inertia tensor, uj is the angular velocity, v is the unit vertical vector, and e is the 
1^ ] radius-vector of the center of mass, and all the quantities are related to the moving coordinate axes) 
define a dynamical system on the phase space M = S'^ x'R? and possess the first integrals 

H = ^Acj ■ uj - e - u, G = Auj ■ v. (2) 

It is known that equations ([1]) can be integrated by quadratures if, in addition to ([2]), there 
exists another (possibly, partial) integral (see [I]-[3]) 

K = K{v,uj). (3) 
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Of special interest are the general integrability cases: the solutions of Lagrange, Euler, Ko- 
valevskaya, and Goryachev-Chaplygin. The first two can be included in Smale's scheme for studying 
Tt" the phase topology of natural systems [1]; their analysis is carried out in [5J. The topology of the 
^ \ Euler case was considered also in [6] and [7]. The present article is devoted to the investigation of 
the integral manifolds 
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Jn = {zeM: H{z) = h, K{z) = k, G{z) = g}, n = {h, k, g) e R^ 



in the cases of Kovalevskaya and Goryachev-Chaplygin. 

We modify Smale's program for topological analysis of mechanical systems [8] to suit the specific 
^ I problem under consideration. Thus, in order to describe the phase topology of system ([1]) with inte- 
] grals ([2]) and it is necessary to construct the bifurcation set S of the map H x K x G : M ^ R^, 
to determine the topological type of J„ for all admissible values n G R^ and the structure of the phase 
flow on Jn, and to indicate all types of topological modifications that J„ undergoes when the point 
n crosses S. In the case n ^ S the manifold J„ is a union of a finite number of two-dimensional tori 
carrying quasi-periodic trajectories |2], [3]. It remains only to determine the number of components 
of J„. A more difficult problem is to describe the structure of the critical integral surfaces. The 
results formulated below rest upon an analysis of the projection of Jn on the Poisson sphere [9]. 

1. In the Kovalevskaya case, introducing suitable measures, we represent the integrals ([2]) and 
([3]) in the form 

H = ujj + UJ2 + luj^ - z/i, G = uiui + ^2^2 + l^^sJ^s, 

K = {ujI-uI + Vif + {2UiU2 + V2f- 
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Theorem 1. The sections Tig of the bifurcation set E by planes g = const are defined by the equalities 



To ^ {k ^ 0,h ^ 0} U {k ^ l,h ^ -1} U {k ^ h'^, h ^ -1} U {k ^ h'^ + l,h ^ 0}, 
Tg^{k^{h- 2gf, g^-l^h^^ + 2/} U{k^O,h^ 2/} 

U{/i = T + ^,A; = 1- — + ^:-l^T<0,0<T< +oo; k > 0}. 

r/ie surface E divides into 6 open components. The corresponding integral manifolds are 0, T^, 
2T^ (for three components), andAT"^. 

In Figures 1 and 2 the sets E^ are indicated in the richest cases < < | and < g^ < 1. 
The numerals denote the number of components of J„. 

To describe the character of bifurcations we introduce the following notation: V is the wedge 
of two circles, or a "figure-eight"; 1^ is a set homeomorphic to the intersection of a two-dimensional 
sphere with a pair of planes passing through its center (i.e., two circles that intersect at two points); 
P is the skew product of a circle by a "figure-eight" (obtained from [0, 1] x \/ identifying {0} x V and 
{1} X V by means of a map homotopic to the central symmetry of the "figure-eight"; see Figure 3); 
Q X S\ Bind R^V X S\ 




Figire 1 




Figure 2 



Let 7 be the boundary of the £-neighborhood of surface P embedded in R^. Then obviously 
7 = 2T^. We may readily picture a one-parameter family of surfaces Pr, t G {—e,e), such that 
Pr = T^ for r 7^ and Pq = P. We classify such modification T^ ^ P ^ T^ occurring when 
the parameter r changes as type (1, 1). The other modifications are defined similarly, namely (2, 2): 
2T2 ^ g ^ 2T2, (1, 2): T^ ^ i? ^ 2X2 ^ ^ gi ^ x^. The last two modifications, with 

the order reversed, will be denoted by (2,1) and (1,0). The symbol (1:1) stands for a continuous 
deformation of a connected component of J„ on which no critical points of the integral map arise. 
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Symbols of modifications taking place simultaneously will be connected by the sign "plus", or will 
be supplied by an integer factor if they are of the same type. 

We hst the sequence of bifurcations occurring along the dashed arrows in Figures 1 and 2 as 
follows: 

A) 2(0,1), (2,1), (1,2), (1:1) + (1,0), (1,0); 

B) (0,1), (1:1) + (0,1); 

C) (2,2), 2(1,1); 

D) 4(0,1). 2(24). (2,1); 

E) 2(1,2), 2(1:1) + 2(1,0). 

The phase flow on the surfaces P and R is structured as follows: the middle line of the surface 
(i.e., the trace of the center of the "figure-eight") is a periodic solution, while the other trajectories 
have this solution as their a- and a;-limit cycle. On the surface Q there are two distinguished 
closed curves, which are periodic solutions. The other trajectories approach one of these sohitions 
asymptotically as t ^ +oo, and the other as t — > — oo. We admit the existence of subset a C S 
such that all the trajectories on the corresponding surfaces P, Q, or R are closed. Due to the 
non-degeneracy of the problem, a must have zero measure in E. 




2. In the Goryachev-Chaplygin case the additional integral is found under the constraint 
G(i/, a;) = 0. This equation isolates in M a four-dimensional manifold Mq diffeomorphic to TS'^. 
In dimensionless variables, H and K take the form 

H = 2{ujI + LU^) + ^LU^-Ui, K = LU3{ujI + LU^) + LU1U3. (4) 

Theorem 2. The bifurcation set Eq of the map H x K\mo is defined by the equality 

Eo = {A; = 0, /i ^ -1} U {/i = l{2kf/^ ± 1}. 

It divides the {h, k)-plane into 5 open components (Figure 4)- The corresponding integral manifolds 
are 0, (for two components), and 2T^ (for two components). 
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Preserving the notation used above, we write the sequences of bifurcations occurring along the 
arrows in Figure 4: 

A) (0,1), (1,1), (1,0); 

B) (1,2), (1:1) + (1,0) + (0,1), (2,1). 

Recall that for k = 0, besides the first integrals (jl]), there exists another "superfluous" integral, 
discovered by D. N. Goryachev. For this reason the surfaces P appearing on the segment {k = 0, —1 < 
h < 1}, as well as the regular two-dimensional torus component of J„ on the segment {k = 0,h > 1}, 
consist entirely of periodic trajectories. Moreover, on surface P the middle line is "twice shorter" 
than the neighboring periodic solutions. 
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